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ABSTRACT 

This report is based on a survey of the literature on phase-delay arti- 

ficial dielectrics to examine their suitability for multiple-beam antennas 

for satellite communications.  The conclusions are that arrays of conducting 

discs appear to be suitable for such application because they can be used 

with circularly polarized fields and can be built with a desirable index of 

refraction, in the neighborhood of 1.5.  A review of theoretical and measured 

results is presented, with formulas and curves permitting selection of param- 

eters and permitting determination of the effect of tolerances and of fre- 

quency variation. No information was found on the inherent loss of such a 

medium.  In the appendix, digests of 27 selected papers on the subject are 

presented. 
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Phase-Delay-Type Artificial Dielectrics 

I.  INTRODUCTION 

The Military Satellite Office of the Defense Communications Agency has 

asked Lincoln Laboratory to study a multiple-beam antenna capable of producing a 

variable-coverage radiation pattern.  One of the present candidate antennas 

uses a waveguide-type dielectric lens  (or phase-advance artificial dielectric) 

for beam focusing.  The purpose of this study is to examine the available 

literature on phase-delay-type artificial dielectrics, and if possible, attempt 

to draw conclusions as to their suitability and potential advantages, if any, 

in DSCS III applications.  Four parameters are also of particular concern: 

the frequency sensitivity, dimensional tolerances, electrical losses, and 

capability for circular polarization.  A limited search of the readily avail- 

able literature has been conducted.  The findings are as reported in the 

sequel. 

The idea of using obstacle-type artificial dielectric as a phase-delay 

2 
microwave lens was originated by Kock in 1948.   Focusing action of a sphere 

array lens, a strip array lens, and a disk array lens were demonstrated both 

theoretically and experimentally.  Other investigators have since expanded 

on this idea, with most of the work occurring in the 1950's.  There exist 

3-5 
several review articles on delay-type artificial dielectrics,   with that by 

4 
Brown being the most comprehensive.  Two main schools of thought have been 

used for the analysis of artificial dielectrics.  The first employs classical 

9 (\— 1 f, 
theory, or what may even be referred to as quasi-static theory. '     The 

second employs transmission line models in which measured suceptances are 



17-25 
sometimes needed.      Depending on one's viewpoint there exist relative 

advantages for each.  One important feature of the second way, however, is 

that frequency dependence is explicitly shown. 

In the sections to come, a brief outline of the two methods is first 

given.  Because of the circular polarization requirement, emphasis is directed 

to the array of circular disks.  Some useful design information for the disk 

array is next given in Section IV.  A few preliminary thoughts on the rela- 

tive advantages of the phase-delay (disk array) dielectric as compared to the 

pha-e-advmce-type (waveguide lens) are given in Section V.  Following the 

conclusions and list of references, the Appendix contains a list of summar- 

ies- for most of the references cited. 

II.  CLASSICAL METHODS 

In the area of classical (or quasi-static) methods, the earliest is the 

2 
molecular theory of Kock,  in which the artificial dielectric is viewed as a 

loosely structured collection of particles each of which may become polarized 

under the influence of an externally applied E-field.  The ideas may be 

briefly described as follows.  Envisioned is the array of metallic elements 

(spheres, strips, or disks).  Under the influence of the field E , charges 

redistribute on each element, giving rise to some dipole moment m 

m = aE (1) 
o 

where a is the polarizability (and is known for isolated spheres, rods, and 

disks from classical static theory). If there are N elements per unit vol- 

ume, then the polarization, P, is merely the total dipole moment per unit vol- 



ume, or 

P = Nm = NaE (2) 
o 

Once P is known, then the relative permittivity, e , is related to the result- 

ant electric field, as 

D=eE=££E=eE+P (3) 
r o    o 

E - 1 + Nct/e (4) 
r o 

The two basic assumptions are: 

1) Charge distribution on each element can be described as a dipole, 

and 

2) The dipole moment m depends only on the externally applied field E 

as in Eq. (1), i.e., no mutual coupling among elements. 

While assumption (1) may be valid for electrically small elements, assumption 

(2) becomes questionable unless the elements are extremely far apart.  Efforts 

to improve the theory in later work concentrate mainly on corrections to 

assumption (2). 

The first such correction uses the method of Clausius-Mossotti.  (A 

careful treatment can be found in Appendix I and III of Ref. 8.)  The idea 

is that the effects of the neighboring particles on the value of the exciting 

field may be found through another electrostatic field relationship.  A 

spherical region centered about the dipole of interest is first removed from 

the array of dipoles.  The field within the sphere next can be shown to be 

E = P/3e . (5) 
c      o 



Thus Eq. (2) becomes 

P = Na(E + P/3e ) (6) 

which when solved yields 

i +     Na 
er      £ (l-Na/3e ) U) 

Equation (7) represents an improvement over Eq. (4).  Although its derivation 

is quite heuristic, it turns out to be equivalent to the more rigorous dipole 

field summation method to be described next. 

A formal solution for the inclusion of the dipole fields of neighboring 

elements can be constructed by regarding next the total field as the sum of 

the applied field E   and the cumulative fields of all other dipoles, E, . app v '  1 

This was done independently in both Ref. 9 and 13.  The ideas may be illus- 

trated with a tetragonal array whose lattice spacings are I   ,   l~,   and I   . 

The correction field E.. , is given by the triple sum over all neighbors as 

°°°°     2  2   22   22 
2r Jl,  - s «.,  - t I, ,    _m_ Y" V^ V      !       *       2 ll" 41T£

0 L^L^L^ (rv + sV +12^2>5/2 

^• = —00   g = _00  ^ = _00 

(8) 

2 

Some difficulties now occur in that the expression above is only condition- 

ally convergent, and thus care is needed in attempts to evaluate it. 

Kaprielian  employed Poisson transforms, while Brown and Jackson  employed 

physical arguments to reduce the triple sum to double sums.  An interesting 

observation made in both Ref. 9 and 13 is that for a cubic lattice, this 

theorv reduces exactly to the £  predicted by the Clausius-Mossotti method. 



Attempts have also been made to include multipole contributions  (since 

the dipole field alone may not be sufficient for large particles).  Unfor- 

tunately, the only cases which were tractable were spheres and circular 

cylinders. 

An extension of the static methods to the use of the time-harmonic 

Green's function has also been examined by Kaprielian. 

III.  TRANSMISSION LINE APPROACH 

17-24 
In the transmission line method advanced by Cohn,    an equivalent circuit 

using transmission line theory is employed to more accurately account for the 

layer-to-layer interactions.  The ideas are as follows.  First of all, based 

on the appropriate boundary conditions, waveguide walls may be inserted per- 

pendicular to the applied E-field. 

n T 
T~ i 

-y I +• 

T 

As illustrated for the strip array above, an equivalent circuit of cascaded 

susceptances may next be deduced. For the case of an isolated slot, a cap- 

acitive iris, the susceptance is known to be 

(9) 
4b  .      7Tb' 

B = T— x,n esc -rr— 
A zb 

Assuming next that this does not change when the slot is in an array environ- 

ment, network theory may next be applied to determine the refractive index n 



n =  27£ COS 
-If       2TT£       ,B.      .     2i\l\ 

jcoyy-   (y)   sin-r-> (10) 

Notice that the frequency dependence is now explicitly shown.  In addition, 

the "bulk" of the layer-to-layer interactions are also properly accounted 

for.  (The only weakness being in assuming that B for a slot in an array is 

that of an isolated slot.) 

While B for the strip array (long slot) is known analytically, it is not 

available for other arbitrarily configured shapes, e.g., disks.  For these 

structures, an electrolytic tank analog was used to experimentally determine 

18 20 21 
the required susceptance.  '  '   The tank analog was first carefully devel- 

18 
oped so that resistances are the parameter to be measured.   Numerous con- 

figurations were treated, with among them:  circular disks in square or hex- 

agonal distributions, square and rectangular disks, and various apertures. 

IV.  DESIGN INFORMATION FOR DISK ARRAY 

Because the requirements on DSCS make the use of circular polarization 

desirable, the strip array artificial dielectric may be excluded from fur- 

ther consideration.  Among the array configurations which can allow CP oper- 

ation, metal spheres, dielectric spheres, and disks are potential candidates. 

It turns out, however, that for spheres the magnetic fields are also dis- 

2 8 9 
turbed, resulting in a relative permeability y  less than unity.      This 

has the effect that the index of refraction achievable is also lower.  Thus, 

for optimal operation, the disk array would be the prime candidate, since it 

not only achieves higher refraction index, but also weighs less.  In this 

section, pertinent design information on disk array artificial dielectrics 



is given. Attention is addressed not only to the refraction index as related 

to disk sizes and cell spacings, but also to dimensional sensitivity and dis- 

persion characteristics. 

Consider first the measured values of the relative permittivity of an 

array of circular disks from Ref. 9, shown in Fig. 1.  (For disk arrays, the 

relative permeability u  ~ 1 because the magnetic field is practically undis- 

turbed, thus n = vc  .)  The results have been obtained by measuring capacitance 

_3 
on a Schering bridge at 1000 Hz.  Copper disks 1/2  in diameter and 1.5 x 10 

inch thick embedded in ebonite foam comprise the model.  Notice that a rather 

wide range of parameter values had been considered, and the usual ranges of 

practical n for lens applications are thus adequately covered.  Consider next 

the theory supplied by Ref. 10, with the comparison of measured (Ref. 9) and 

calculated £  shown in Fig. 2.  For the theory, the dipole field interactions 

are expressed as a triple sum, but the following approximations were used: 

For b/a > 0.6, the inter-layer coupling is assumed negligible, and summation 

occurs over only one sheet, with the result 

E   =  1 + r  , (11) 
r        b[1.5(a/d) -0.36] 

where the dimensions are as defined in Fig. 1.  When b/a < 0.6, on the other 

hand, the approximation is used where each stack of disks in the array is 

treated simply as a cylinder, with 

ct'N/e 

£r = 1 + l-a'N/2e (12) 



Fig. 1.  The measured relative permittivity of a rectangular array of circu- 
lar disks. 



4.0 

Fig. 2.  Comparison of calculated and measured e     for a circular disk array. 



where 

,2 
7 

N = 1/a , a' = 
od  [7   0.4Alb\   0.058b3 /   0.441b Vl 
2   Lv'   d  I      d3  V     d   /-! 

(13) 

Because good agreement between theory and measurement is exhibited, the 

10 
simple formulas of Brown and Jackson,   in Eqs. (11) and (12) may be regarded 

as accurate, and useful for engineering applications. 

To lend further substantiation to the above conclusion, it is worthwhile 

24 
to note that the measured results of Cohn  via the electrolytic tank method, 

9 
Fig. 3, also agree closely with the measured results of Kharadly and Jackson. 

Equations (11) and (12) have been used to calculate a detailed parametric 

study of z     for the disk array.  The results are as shown in Fig. 4.  These 

curves should be useful to the lens designer in relating the desired index of 

refraction, n = VZ   , to the necessary disk sizes and spacings.  Aside from 

this direct application, Fig. 4 should also be useful in assessing the effects 

on the index due to dimensional tolerances.  As an example, consider the z 

centered around 2.5 for a b/a (layer spacing/disk separation) fixed at 0.25. 

It may be noted that for d/a ranging from 0.84 to 0.86, z     varies from 2.44 

to 2.58.  Thus, a 1.7% change in d/a (dish diameter/disk separation) causes 

the z     to shift 5.6%.  The variations of manufacturing inaccuracies in disk 
r 

diameters may thus be correlated to errors in the index: depending on the 

frequency of operations, and thus the disk's physical size d, these may be 

translated directly to tolerance specifications in microns or mils. 

It is also interesting to examine the possibility of using other than a 

10 
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square distribution of circular disks as the lens medium.  Toward that end 

18 
the electrolytic tank measurement results of Cohn  are shown in Figs. 5-7 

for the cases of a square distribution of circles, a hexagonal distribution 

of circles, and a square distribution of square disks.  It may be noted in 

passing that the hexagonal distribution apparently yields somewhat higher 

index of refractions than does the square distribution. 

As has been stated earlier, another factor of interest is the bandwidth 

of the lens medium. To gain some insights into the basic dispersion charac- 

teristics of the phase-delay artificial dielectric, it will be useful to 

23 
examine some experimental results.  Cohn  gave the waveguide simulator mea- 

sured refraction index as a function of frequency, for the strip array. 

These are as shown in Figs. 8-10.  It can be readily seen that the index may 

be held to be virtually constant, particularly if one is willing to allow the 

strip widths to be quite small electrically.  For the case of the array of 

circular disks, the measured dispersion characteristics by El-Kharadly  are 

useful (shown in Fig. 11).  Again, n can be made quite constant.  Thus the 

phase-delay medium can be concluded, based on experimental evidence, as an 

inherently broadband device.  (Transmission-line-model theory also supports 

4 
this. )  In examining the dispersion characteristics, one question naturally 

arises.  How small must the disk sizes be in wavelengths in order for the 

design information given in Figs. 1-7, calculated from quasi-static method, to 

4 9 11 12 
still remain valid?  The conclusion that had been unanimously reached, 

though it had not been directly correlated with the dispersion curve in 

Fig. 11, is that the disk diameters as well as cell spacings must be smaller 

13 
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than one-tenth the operating wavelength.  Except for difficulties in holding 

mechanical tolerances, this would be a desirable  goal, since it also makes 

the structure broadband. 

Two other quantities which have received some attention are the effects 

19 
of disl thickness   and possible adverse effects of reactive fields at the 

4 12 14 
interface between air and the artificial dielectric.        Even though they 

represent worthwhile academic problems, their effects on practical lens per- 

formance should be quite Insignificant. 

The question of losses in the artificial dielectric (ohmic losses inter- 

nal to the medium rather than reflection power loss at the interface) is an 

area which has received very little attention.  In fact, it is recommended 

in Ref. 4 as a potentially fertile area for future research. 

V.  PHASE-DELAY VERSUS PHASE-ADVANCE ARTIFICIAL DIELECTRICS 

Pnase-delay-type artificial dielectric possesses one very important ad- 

vantage over phase-advance-type artificial dielectrics.  This is illustrated 

in Fig. 12 by their respective dispersion characteristics.  Because the phase- 

delay-type array simulates with its "particles" a real dielectric, it can 

operate over a much broader bandwidth, than dees the phase-advance-type which 

has the dispersion properties of waveguides.  For practical applications, 

this important requirement may preclude other design considerations, which 

are treated next. 

Consider the representative fabricated lens models for the two dielectrics, 

For the advance-type, "egg crate" stacks of square waveguide (as in Ref. 1) 

using tb-in and lightweight sheets of titanium may be constructed.  For the 

18 
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delay-type, stretched dielectric sheets with metal-spray-painted disks can 

2 
be formea in a stack (a method originally suggested by Kock ).  Comparing the 

two structures, the weight should be comparable, with perhaps the delay-type 

being somewhat lighter.  In torms of mechanical rigidity, the advance-type 

should liold a rather distinct edge.  The volume of the two lens would again 

be almost the same.  In terms of ruggedness and ability to withstand environ- 

mental factors such as t'.l t raviolet radiation, the advance-type again holds 

a definite advantage.  Electrical losses should also be smaller in the advance- 

type. 

Alo<„g the lines of manufacturing ease, depending on one's viewpoint, 

either may prove preferable .  Mechanical tolerances, however, may tend to be 

more critical for the delay-type.  Specifically the disk sizes are already 

electrically small but the dimensions still need to be accurate, and in addi- 

tion the stacks of sheets must be properly aligned disk-wise in order for 

available design data to apply.  Both structures offer manufacturing flexi- 

bility to designer specified variations in the refraction index, in that 

changes in dimensions can easily accomplish this goal.  As for over-all cost, 

the advance-type should prove mere advantageous, since it has an expectedly 

longer service life-time. 

VI  CONCLUDING REMARKS 

In concluding this literature search, it can be remarked that the methods 

tl us far developed appear to be quite adequate for the prediction of the 

refraction index of phase-delay-type artificial dielectrics.  A large amount 

of useful information exists in the references, with only a minor portion 

20 



being reported here.  The summaries in the Appendix may also be of aid if 

more details are desired. 
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APPENDIX I 

Summaries for most of the references cited are included in this appendix. 

The numbers correspond to those in the reference list. 

°.  W. E. Kock, Bell Tech. Journ., 27, 58-82 (1948).  This paper repre- 

se is the genesis of the ideas of using a metallic delay medium for microwave 

lenses.  The conception of the idea lies in fundamentals of classical field 

theory where i solid dielectric may be viewed as a collection cf particles 

which becomes polarized under the influence of an externally applied electric 

field E.  This contributes a net nolarization P which gives rise to 

-»•->•     -y   -> 

D -  £E = t. E -r P, or an effective permittivity £ different than e .  Lxperi- 
o o 

mental and molecular theory results for an array of conducting spheres are 

first given.  It was found also that thin rather than thick obstacles should 

be used since the latter deforms the magnetic field as well, leading to a less 

than unitv permeability b or diamagnetic effects, and thus a net lowering of 

the realizab'. e index of refraction n • /u £ .  The theory and fabrication 
r r 

ideas for a strip array lens suitable for linear polarization is next given. 

CThe E vector should be perpendicular to the strip length but also lie in the 

plane of the strip.)  Measured patterns from 3.8 to h.h  GHz of a strip lens 

with a j.oint feed in Fig. 0 dramatically demonstrated the focusing capabili- 

ties of an artificial dielectric lens.  Configurations of metal spray-painted 

grids are next given together with a proposal for juxtaposing strips for 

achieving high refraction index (though at larger reflection losses). 

Additional lens considerations are also given.  It was concluded that lens 

22 



elements should not be allowed to approach resonant lengths, in order to keep 

dispersion low.  One possible means of minimizing reflection effects was to 

allow an off-set of one half of the lens from the other.  A potential advan- 

tage noted for the strip lens over conventional waveguide lens lies in the 

non-necessity to use steps, which tend to introduce diffraction effects. 

3.  C. Susskind, British Inst. of Radio Engineers Journ., XII. No. 1_, 

49-62 (1952).  Presents review of state-of-the-art in delay—type artificial 

dielectrics up to 1952.  The molecular theory approach and the Clausius- 

Mossotti method (which accounts for dipole mutual interactions) are presented. 

A useful list of the electric and magnetic polarizabilities (static) for var- 

iously shaped conducting objects are tabulated.  These include isolated 

spheres, cylinders, circular disks, elliptical disks, strips, and square disks, 

3 3 
with varied polarizations.  For the circular disk a = 16a /3 and a = -8a /3 

e m 

where a is the radius.  Results for refractive index based on the above static 

parameters are also given. 

The transmission line approach for strip medium is also reviewed.  Exten- 

sions by Cohn to disk medium are also presented, together with comparisons to 

the Clausius-Mossotti theory. 

A scattering theory approach by Lewin (a generalization of the Mie theory) 

for array of spheres is also quoted, together with what it reduces to for the 

refractive index in large wavelength limits.  The theory is tried for the disk 

array, but no concrete results or formulas are given. 

Mention is also made of the interface reflection problem and the disper- 

sion characteristics. 

23 



4. J. Brown, "Artificial Dielectrics," Progress in Dielectrics, Vol. II, 

(Wilev, 1960) 194-225.  A comprehensive review of obstacle-type phase-delay 

artificial dielectrics is given.  A historical development is first given fol- 

lowed by a classification of the types of artificial dielectrics.  Classical 

theory used for phase-delay-type medium is carefully outlined.  The use of 

transmission line modeling then allowed for some inclusion of frequency 

dependence.  Attention is also addressed to the problems of interface reflec- 

tion and oblique incidence problems.  Eighty-one references are cited. 

The chapter is well written and for anyone looking into phase-delay-type 

artificial dielectrics, this should be the first article to be read. 

5. J. Brown, "Lens Antennas," Chap. 18, Antenna Theory, Part II, edited 

by Collin and Zucker, (McGraw-Hill, 1969) 104-150.  Lens antennas in general 

are reviewed.  Coverage includes phase-delay-type artificial dielectrics, 

phase-advance-type dielectrics (waveguide lens), homogeneous lens, scanning 

and broad beam cases, and non-homogeneous lens (Luneburg lens). 

6. G. Estrin, J. Appl. Phys., Vol. 21, 667-670 (1950).  The permeability 

u for an array of thin circular disks with the H-field perpendicular to the 

disk face is obtained theoretically.  (Notice that this would not be the 

polarization used in an artificial dielectric lens).  Time harmonic analysis 

is performed by separation of variables in oblate spheroidal coordinates for an 

isolated disk.  The currents thus found can be integrated in closed form for 

3 
radius a small, yielding the magnetic dipole as m = -3/3a H   n. ,.  (This 

' applied 

result was known to Rayleigh also in 1897.)  For the case of a sparse lattice 
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of disks, the molecular theory of Kock can next be used to predict a relative 

permeability u  smaller than unity.  It was also pointed out that because ani- 

sotropic behaviors are present, a dyadic description is needed. 

7. G. Estrin, Proc. IRE, 821-826 (1951).  The effects of anisotropy in a 

three-dimensional array of conducting circular disks are theoretically treated. 

Formerly derived dyadic field equations are first transformed into a new coor- 

dinate system which unitizes the permeability dyad or matrix.  Arguments from 

complex crystal optics theory are next applied.  Though little results are 

presented, the main conclusions seem to be that in lens applications, because 

the angle of incidence is not always perpendicular, anisotropic effects may 

become severe. 

8. R. W. Corkum, Proc. IRE, 574-587 (1952).  Theory and measurement for 

artificial dielectric comprising array of metal or dielectric spheres is pre- 

sented.  A detailed justification from fundamentals for the derivation of the 

Clausius-Mossotti expressions for dielectric constant of a collection of 

particles is given in the appendices (Appendix I for £ and Appendix II for y). 

The electric and magnetic susceptibilities (K = e  and K = u ) are next & ^ e   r     m   r 

found using this theory for both the case of a lattice of metallic spheres 

and then dielectric spheres.  The theory is perhaps over-extended to the sit- 

uation where the metallic spheres are so closely packed so as to be touching. 

Here the maximum achievable refraction index is found to be 1.273. 

Measurements for n, K and K using waveguide sample inserts are performed 
e     m 

at 5 GHz.  Results are presented in Table I (for metallic spheres) as function 

of the number of rows of spheres.  The refractive index settles to a steady 

25 



state value rather quickly and agrees well with theory.  Table II gives the 

results for dielectric spheres.  Here the diamagnetic effects are not as 

strong as metal spheres and higher index n is achievable.  A speculation on 

the interface reflection problem is also offered. 

9.  M. M. Z. Kharadly and W. Jackson, Proc. IEE, 119-212 (1953).  A com- 

prehensive treatment of obstacle-type artificial dielectrics is given.  Both 

theory and measurements are supplied.  The structures considered consisted of 

both two-dimensional and three-dimensional arrays.  Among these square and 

rectangular distributions of cylinders, strips, spheres, disks, rods, and 

imperfectly conducting spheres are treated. 

The theory is quasi-static in that the molecular theory of Kock is 

extended by inclusions of dipole and multipole interactions.  The inclusion of 

dipol* contributions makes the theory equivalent to that of Clausius-Mossotti 

(exact equality for cubic lattice).  The multipole contributions are not as 

easily tractable and turn out tobe practical only for conducting spheres 

vith cubic lattice, and circular cylinders.  Experimental results for the 

relative permittivity are obtained by measuring on a Schering bridge at 

1000 Hz the capacitance of a specimen comprising a portion of the infinite 

array of metal obstacles. 

Among the two-dimensional arrays, circular cylinder  is the first treated. 

Compared to measurements in Fig. 4 the molecular and dipole theory gave ade- 

quate aci uracy for d/a < 0.5 (diameter of cylinder/cell width).  The multipole 

theory gave almost exact agreement up to d/a = D.75.  For an array of thin 

Ftrips, the multipole approach was not extendable.  Howe and Whitehead (in 
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apparently unpublished work) had obtained an "exact" electrostatic solution, 

however.  Comparison of the molecular theory, the Clausius-Mossotti theory, 

and this exact theory with measurements in Fig. 6, yielded the same conclu- 

sions as the cylinder case. 

For three-dimensional arrays, the first case considered is conducting 

spheres.  The dipole theory is written as a triple sum (similar to that of 

Kaprielian, 1955).  Multipole fields for cubic array of spheres uses the 

work of Rayleigh, (1892).  Comparison of these to measurements again finds 

that for d/a <0.5, the molecular and dipole theory is adequate.  Multipole 

theory on the other hand, gave accurate permittivity all the way up to d/a = 1, 

(Fig. 8).  Next considerations are extended to a tetragonal array of circular 

disks.  Account for dipole contributions in this case closely parallels, but 

is not as general, as the later work of Kaprielian (1955) .  A comparison of 

the molecular theory and dipole theory to measurements is given in Fig. 11. 

Adequate accuracy for both theories exists for d/a (disk diameter/cell width) 

as high as 0.7.  In Fig. 12 a parametric study (measurement) as d/a varies, 

and as a function of b/a (layer spacing/cell width) is presented, and these 

should be useful in DSCS lens design.  Data here were obtained using 1/2" 

diameter copper disks embedded in ebonite foam.  (In a later paper, Brown 

and Jackson,1955, corresponding theory will also be supplied.)  The para- 

meters b/a ranged from 0.2 to 1.7 and d/a varied from 0.669 to 0.952, thus 

fairly high optical occupancy ratios were used. 

The case of an array of rods in a cubic lattice and imperfectly conduct- 

ing spheres is also treated.  Three useful main conclusions have also been 
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drawn: 

(1) Dipole interactions alone do not account for all effects 

accurately when the fill rate of metal is greater than 50% of volume. 

(2) Flat structures are not diamagnetic when the applied mag- 

netic field is parallel to the plates, thus the achievable refractive 

index is higher. 

(3) The quasi-static results thus determined are believed to be 

applicable provided the operating wavelength is greater by at least a 

factor of 10 than either element size or lattice spacing. 

10.  J. Brown and W. Jackson, Proc. IEE, 37-42 (1955).  Tetragonal array 

of circular disks is treated.  This work represents an extension of the theory 

of Kharadly and Jackson in that formerly conditionally convergent series are 

now artfully summed based on physical arguments, giving now more reliable 

results when inter-layer spacing becomes small. 

A clear and easily understandable derivation of the molecular theory is 

first given (Eq. (5)).  When dipole interactions are included, it then 

becomes necessary to deal with the triple sum in Eq. (9).  A method according 

to Lorentz can be used to show that this is equivalent to the result by the 

Clausius-Mossotti relation.  In doing so, however, the dependence of the per- 

mittivity on b/u (layer spacing/cell width) is approximated out, thus design 

information is lost.  To contend with this, the conditionally convergent tri- 

ple sum (i.e., If summed wrt one index first, then convergent, but not so if 

other index is used first) is re-examined. 

The following rationale is used: 

28 



a)  For b/a > 0.6, then the inter-layer coupling should be 

less important than intra-layer coupling.  Thus they are ignored 

and one sums over one sheet only.  This reduces the problem to 

a double sum and one obtains Eq. (14) 

e  = l + —r  
hfl.5(a/d) -0.36] 

where d = disk diameter, a = cell width, b = layer spacing. 

b)  For b/a < 0.6, then the reverse role of importance is present. 

Thus one simply views each stack of disks as a virtual circular cylin- 

der, and use its polarizabilitv, with the result 

a*N/e 
E  - 1 + r      l-a'N/2e 

o 

where 
2 

i/2   ,   TTCod   r,..   0.441b .2 JL 0.058b
3 ,. , 0.441b, , 

N = 1/a , a' = —-— [(1 - —  )  +  ^  C1 + —^ ^ 
d 

A comparison of the theory and the measurements of Kharadly and Jackson 

(1953) is shown in Fig. 2.  (It should be pointed out that only four cases 

aie shown here whereas six were measured.)  The agreement is excellent.  The 

breakover point where either theory (a) or (b)presides is empirically deduced 

to be b/a = 0.6.  By either differentiating the above simple expressions or 

by calculating a more detailed family of curves, some feeling for the sensi- 

tivity of e to disk and array tolerances should become feasible. 
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11. M. M. Z. El-Kharadly, Proc. IEE, 17-25 (1955).  Dispersion charac- 

teristics of artificial dielectrics at centimeter wavelength are studied 

experimentally.  A technique for measuring samples for their e and Z within 

a parallel-plate waveguide simulator is carefully developed and calibrated. 

Dispersion curves for sphere arrays and disk arrays are given.  It is of 

interest to observe in Fig. 7 that for 1/2" diameter disks with 1.5 cm spac- 

ing, over a range in A from 8 cm to 11.5 cm, very little deviation from 

n = 1.27 occurred.  Since the index is low for this case, interelement spac- 

ing"^ are relatively high, thus mutual coupling low.  For higher index where 

coupling effects become high, the dispersion may be higher.  Nonetheless, the 

fact that virtually no dispersion is observed here is encouraging in conclud- 

ing that the disk array can be operated very broadband. 

The mechanisms for dispersion are cast also into two categories: 

(a) dipolar dispersion, or those associated with resonances of the particle 

itself, and (b) cavity resonance, or those related to interelement interac- 

tions.  What is stated as a commonly accepted criterion is that for low dis- 

persion operations, the wavelength should exceed ten times the largest ele- 

ment dimensions involved. 

Results for strip arrays and rod arrays are also presented. 

12. J. Brown and W. Jackson, Proc. IEE, 11-16 (1955).  Some potential 

problems associated with using artificial dielectrics at centimeter wave- 

lengths are introduced.  It is pointed out that static theory predictions 

for y and e may not be applicable because of dispersion.  A hypothesis is 

advanced that since at higher frequencies, u and e may not be easily separ- 
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able, a better performance measure would be the propagation constant 6 and 

wave impedance Z.  (The formal proof for the validity of these concepts start- 

ing from Maxwell's equations through Poynting theorem is given in the 

appendix.) 

An observation is made that phase change versus distance in artificial 

dielectrics does not follow a straight line, but rather takes on quantum jumps. 

The react ive fields at interfaces is also a problem.  An interesting con- 

clusion is again restatfd:  Artificial dielectrics generally commence to 

show dispersion when the wavelength is less than ten times the largest cell 

dimension. 

13.  Z. A. Kaprielian, J. Appl. Phys., 24-32 (1956).  A formal and elegant 

theoretical treatment for the circular disk lattice is presented.  The ideas 

are a? follows.  The molecular theorv used by Kock assumes that the total E- 

field acting on each element is the externally applied field.  Neighboring 

elements, however, may also contribute to this field, and this is now 

included as dipole fields.  An assumption is still made that mutual inter- 

actions do not alter ^he field structures so that one can use dipoles only, 

no multipoles.  Thus the model would be accurate only when we have small ele- 

ments separated "medium'1 far.  (Close enough so neighboring dipole fields need 

to be included but not so close as to distort the fields enough that simple 

dipole field descriptions no longer suffice.) 

Expressions for static fields from an isolated dipole are first defined. 

Ne^.t the sum ol contributions from all elements in the lattice is written, as 
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a triple sum.  This is in turn written in matrix form for general arbitrary 

lattices.  For a tetragonal lattice the matrix reduces to a diagonal tensor 

for the permittivity.  Each term must then be carefully treated since the 

triple sums are only conditionally convergent.  To unravel this, each series 

is first recast into a form convenient for Poisson transformation.  For the 

triple series, the transforming is next taken.  After some tricky manipula- 

tions, a startling conclusion results.  For a cubic lattice, the formal 

treatment here reduces exactly to the Clausius-Mossotti form for permittivity 

Na/e 
£   = k   = 1 +  , a = polarizability of disk. 
r    exx     l-(aN/3e ) o 

Thus it may be concluded that the Clausius-Mossotti approximation is a rather 

accurate one even for rectangular lattices, since it is equivalent to this 

formal theory for a cubic lattice. 

For arbitrary lattice structures, a scheme is proposed whereby it is 

approximated outside a central region as a cubic lattice. In the center 

region the actual lattice structure would be needed. 

The examples cover a cubic array of ferrite spheres and a tetragonal 

array of circular disks.  For the disk, polarizabilities predicted by 

Rayleigh are used.  The results for £  in Fig. 4 thus calculated agreed well 

with measurements provided the layer spacings are large.  (Generally layer 

spacing/cell width ratios greater than 0.7.)  The same comparison was later 

done by Cohn (1956) and more conclusive evidence can be found there. 
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14. J. Brown and J. S. Seeley, Proc. IEE, 465-471 (1958).  The interface 

reactive fields of an artificial dielectric are examined.  This detailed scrut- 

iny is felt needed because the interface layer sees an essentially different 

environment than interior layers.  The analysis uses transmission line model- 

ing.  Modal expansion and boundary matching methods are used.  The numerical 

results obtained (reflection coefficient) used only the first evanescent mode 

of the expansion and agree with measurements. 

For lens design, especially at relatively low refractive index, the inter- 

face reflection problem should be of only secondary importance. 

15. Z. A. Kaprielian, J. Appl. Phys., 1052-1063 (1958).  Anisotropic 

effects in isotropic lattices are examined theoretically.  The analysis is 

an extension of earlier work of the author (1956).  A dipole description of 

the interaction is used, but time harmonic Green's function is used to cal- 

culate fields.  The polarizability for the elements is still from static 

theory.  Thus, in spite of the fact that lattice spacings may now be large 

electrically, particle sizes still need to be small. 

Four types of anisotropy mechanisms for a lattice of particles are found: 

a) Structural anisotropy associated with the lattice. 
(e.g., cubic, rectangular, or random) 

b) Element anisotropy arising from how particles pol- 
arize, or respond to applied field. 

c) Physical shape of the elements. 

d) Granularity of the lattice, causing anisotropy 
at high frequencies. 

The theoretical development is again elegant but complex.  The fields are 
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written as triple sums, which are in turn reduced through Poisson transforma- 

tion.  It is shown in passing that if the sums were written as integrals, and 

trapezoidal rule used, then the results reduce to the Clausius-Mossotti rela- 

tionship.  Propagation constant expressions are derived and limited results 

shown, demonstrating anisotropy. 

16. 0. P. Srivastava, P. C. Mathur, and A. Kumar, J. Appl. Phys., 

2674-2675 (1971).  Using Lewin's expressions for e and y for an artificial 

dielectric of spherical particles, Faraday rotation (from y) is computed for 

semiconductor materials.  Contributions to rotation are found to be "signifi- 

cant." 

17. S. B. Cohn, Journal of Applied Physics, Vol. 20, 257-262, 1011 

(1949).  Metal strip type artificial dielectrics suitable for linear polari- 

zation applications are analyzed via transmission line equivalent circuit 

methods.  A review of the molecular theory of Kock is first given.  It is 

pointed out that because it is static, the operating wavelengths must be 

large, and the strips far apart because mutual interactions are not properly 

accounted for.  The transmission line approach is next introduced by insert- 

ing waveguide walls perpendicular to the electric field.  Next the equivalent 

circuit thus established is analyzed using cascading network theory to give 

the overall n and Y  (refraction index and normalized admittance). 
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I 
=> 

o 1 1 1 o 

o 1 ' 1 o 

The claim is made that for I  >  b, then the shunt susceptance for isolated 

capacitive iris (when b/A is also small) may be used where 

B - <$  *ncsc f' 

Possible reactive field coupling when I  becomes small is not dealt with. 

(Note that the layer-to-layer interactions are included in the transmission 

line circuit but how these may in turn influence B itself is not known.)  The 

result when T-line theory is applied is that the refractive index n 

-1 2TT£   ,By 
n = y-p- cos " {cos —r—  - (j)   sin 

2TT£, 

X 

It is interesting to note that the limit when X •*• «° for this theory does 

reduce to the molecular theory. 

The idea of using quarter-wave transformers to reduce surface reflection 

is also pointed out, along with an emphasis of how easy it can be accom- 

plished (by merely making the strip width of the first and last layer 

smaller). 
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The transmission line model also gives dispersion characteristics. 

When I <  b, it was found necessary to introduce an additional bridging 

capacitance to include in the changes in B due to layer-to-layer coupling. 

These were done somewhat artfully, but not altogether believably, by extra- 

polating from stepped transmission line models.  The important features estab- 

lished seem to be that these additional shunt capacitances are needed to 

more accurately account for coupling. 

Measured patterns were claimed to have been made and looked similar to 

Kp'k's (even though they are not explicitly shown).  Results presented in 

Fig. 14 demonstrate that with surface matching, the measured VSWR can be 

reduced from 2 to 1.2 over a band of from 4.4 GHz to 5.5 GHz. 

18.  S. B. Cohn, J. of Appl. Phys., Vol. 21, 674-680 (1950).  The suscep- 

tance for variously configured disk type artificial dielectrics is measured 

using an electrolytic-tank analog.  Refraction index is then determined using 

using T-line formulas.  The geometries are:  tetragonal array of rectangular 

plates, tetragonal and hexagonal array of circular disks. 

The failure of the molecular theory to account for frequency dependence 

is first used to justify T-line modeling.  For complex shapes, in particular, 

three-dimensional plates, susceptance needed for the T-line formulas is not. 

available.  Consequently, electrolytic tank measurements are needed to deter- 

mine these.  A careful examination first reveals that appropriate electric 

and magnetic walls may be inserted in the array without disturbing the fields. 

Using then the duality: 
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Fields Electrolytic 

conducting walls 

insulating walls 

I or i 

conductance 

electric walls 

magnetic walls 

D or E 

Capacitance 

the utility of the tank analog where resistances are measured with a bridge 

becomes apparent.  Susceptances for variously configured arrays are presented 

in Figs. 7 (square), 8 (circle with square distribution), and 9 (circle with 

hexagon distribution).  The conversion of these susceptances into refraction 

index via transmission line models faces a major drawback. 

3 
pass band stop band 

o 
cutoff 

If the section lengths I  are large enough, then bridging capacitances, which 

tell how much layer-to-layer interaction may affect the B itself, may be 

ignored.  From experience, this is said to be at 87b > 0.75.  There exists 

no way of measuring these bridge capacitances in the electrolytic tank. 

Generally, the effect of the bridge capacitances is to make the roll-offs of 

n and Y away from low frequencies to occur more quickly and severely. 
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Ignoring these, then index of refraction may be calculated from formulas 

given in an earlier paper (1949). 

Useful results for n are presented in Figs. 11-13 for various d/b versus 

H/b.     Experience also seems to indicate that these are applicable for 

b/X <_  0.25, and quite accurate for b/A < 0.1. 

19. S. B. Cohn, Jour, of Appl. Phys., Vol. 22, 628-634 (1951).  Effect 

ol thickness of disks on artificial dielectrics is studied using electrolytic 

tank measurement methods.  A review of theory established before is first 

made.  Babinet equivalence is also established between arrays of plates and 

apertures. 

The influence of thickness of objects is that the magnetic fields will 

now be disturbed, with a resulting decrease in the permeability, and corres- 

pondingly lowering of the refraction index.  Theoretical predictions of y 

changes use perturbation techniques, for the case when thickness is small 

compared to diameter.  Agreement between measurement and theory is demon- 

strated to be good (for 0 < t/b < 0.05 in Fig. 6).  Application to a specific 

example, Fig. 7, finds that for b = 1" (cell width), d/b = 0.68 (d = dia- 

meter of disk) and thickness t = 0.01", then the index n only changes by 1% 

from 1.4.  Thus in practical construction techniques where disks are metal- 

sprayed on, the diamagnetic effect of thickness is indeed negligible. 

20. S. B. Cohn, Proc. IRE, 1416-1421 (1951).  Aperture parameters are 

obtained by electrolytic tank measurements.  Babinet equivalent is not 

strictly used.  Rather a new electrolytic tank configuration is carefully 

derived which corresponds to aperture cases.  Measured polarizabilities are 
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presented for square apertures, rectangle with rounded ends, dumbbells, cross, 

and rosette shapes. 

21. S. B. Cohn, Proc. IRE, 696-699 (June 1952).  Electrolytic tank mea- 

surements for polarizability of "large" apertures are performed. The addi- 

tion of an empirical frequency correction factor to Bethe's small hole 

theory now allows consideration of arbitrarily shaped apertures up to first 

resonance. Attenuation and susceptance curves for various shapes are supplied. 

22. S. B. Cohn, Proc. IRE, 1069-1071 (September 1952).  The electric 

polarizability of large apertures was measured using electrolytic tank tech- 

niques. 

23. S. B. Cohn, J. of Appl. Phys., Vol. 24, 839-841 (July 1953). 

Experimental results for the metal strip dielectric were presented in an 

effort to determine the most accurate theoretical model.  Four theories were 

used: 

1. Molecular theory of Kock 

2. Transmission line model of Cohn using susceptance 
of isolated iris 

3. T-line with bridging shunt capacitances to correct 
for B of iris under layer-to-layer interaction 
(also of Cohn) 

4. T-line with series inductances to correct B (of 
Sharpless) 

Five experimental strip medium models were also considered, with varied width 

to spacing ratios.  Three of these were measured in a waveguide simulator, 

while two were performed in free space using a dielectrometer.  All were 
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tested as a function of frequency for cell spacings of 0 to 0.5X. The pri- 

mary conclusion is that theory three is the most reliable since it gave the 

lowest deviations from the measured refractive index. 

Two independent observations not mentioned in the paper are as follows. 

Theory (1) appears to be better than (2).  Thus layer-to-layer coupling, 

though only statically included in (1), but not so carefully done in (2), 

will play a fairly significant role.  In addition, because measured refrac- 

tive index n is displayed as a function of b/X, conclusions of possible dis- 

persionless operations can be drawn from the flatness of the curves.  In gen- 

eral, little dispersion is indeed present for b/X < 0.25, i.e., lattice 

spacings smaller than quarter wavelength. 

24. S. B. Cohn, J. Appl. Phys., Vol. 27 1106-1107 (1956). Tetragonal 

array of circular disks is treated.  Conn's measurements for c    are shown to 

agree quite closely with those measured by Kharadly and Jackson.  Two 

theories, by Kaprielian (pure static) and Brown and Jackson (static but views 

closely spaced stack of disks as cylinder) are also shown in contrast.  Brown 

and Jackson's theory agrees closely with measurements, thus appears more 

reliable. 

25. A. F. Wickersham, Jr., J. Appl. Phys., Vol. 29, 1537-1542 (1958). 

Single and double layers of arrays of rectangular strips are studied.  Both 

the case of a rectangular lattice and a random lattice are measured.  Both 

the refractive index and transmission loss are experimentally determined 

using an S-band dielectrometer for normal and oblique incidence cases.  Five 

different sample configurations are used.  The results in general indicate 
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that for higher n, closer spacings are needed with more dispersion; while at 

lower n, the structure becomes wideband (e.g. Fig. 4).  These trends, to- 

gether with the apparent incidence angle and polarization sensitivity, 

appear more useful in design of resonant surfaces rather than lenses. 

26.  E. M. T. Jones and S. B. Cohn, J. Appl. Phys., 452-457 (1955).  The 

use of a layer of artificial dielectric to match out interface reflections of 

solid dielectric lenses is presented.  Proper matching not only causes 

increase in power gain, but it also reduces sidelobes and backlobes as well 

a<=   lowering the feed horn to lens VSWR. 

Three schemes are possible: (1) an inductive wire grid buried A/8 within 

the dielectric, (2) a capacitive circular disk array 3A/8 inside the dielec- 

tric, or (3) quarter wavelength layer of another solid dielectric whose 

Z = /Z Z.  (where Z„ is that of the lens itself).  For the wire grid, m    o x, x, 

MacFarlane's strip susceptance is used.  Performance (theoretical) is good 

for 6 < 30° from broadside, as given in Fig. 4. 

For the disk array matching configuration, because all angles of inci- 

dence are of interest, "John's former T-line model is inadequate.  Instead by 

a Babinet equivalent of the Bethe aperture theory, susceptance and then in 

turn reflection coefficient are obtained.  Figures 5 and 6 show again good 

matching performance (theoretical) on a n = 1.57 lens. 

Waveguide measurements for susceptance of one layer of circular disk (at 

3 incidence angles) are made for different lattice configurations.  Good 

agreement with Bethe theory is found for disk diameter < 0.3 A. 
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27.  E. M. T. Jones, T. Morita, and S. B. Cohn, IRE Trans. AP, 31-33 

(January 1956) .  Experimental verification for lens matching capability of 

artificial dielectrics is given. A polystyrene lens (n = 1.59) was matched 

with either a capacitive layer (array of disks) or a solid dielectric A/4 

transformer.  The results are: 

unmatched       capacitive       A/4 layer 

sidelobes    -20 dB        -35 dB -30 dB 

gain         0.35 dB improvement   0.1 dB 

VSWR 1.6 1.02 1.05 

bandwidth              8.46 GHz to 12.2 GHz 

Details for the disk geometry are also supplied.  They are: 

flat side of lens   curved side of lens 

cell spacing 

disk diameter 

depth imbedded 

Disks are formed by spraying silver paint 

0.4" 0.221"  to  0.277" 

0.221" 0.283"  to 0.325" 

0.283" 
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